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THE LIFTING OF AN EXPONENTIAL SUM
TO A CYCLIC ALGEBRAIC NUMBER FIELD

OF PRIME DEGREE

YANGBO YE

Abstract. Let E be a cyclic algebraic number field of prime degree. We prove
an identity which lifts an exponential sum similar to the Kloosterman sum to
an exponential sum taken over certain algebraic integers in E.

1. Introduction

Based on the relative trace formula for GL(2) (Ye [13] and Jacquet and Ye [8])
and inspired by early work of Zagier [15], Ye [14] established a lifting identity for
Kloosterman sums. Let E = Q(

√
τ) be a quadratic field with a square-free integer

τ , and let c be a positive odd integer with (c, τ) = 1. Assume that for any prime
factor p of c we have

(
τ
p

)
= −1. Then for any nonzero integers m and n with

(m, c) = (n, c) = 1 we have

∑
1≤x≤c,
(x,c)=1

e
2πi(xm+x̄n)/c

= (−1)Ω(c)
∑

1≤a≤c, 1≤b≤c,
a2−τb2≡mn (mod c)

e
4πia/c

(1)

where x̄ is the inverse of x modulo c. Here Ω(c) is the number of prime factors of
c counting multiplicity. Note that the exponential sum on the right side of (1) is
actually a sum taken over some algebraic integers in E = Q(

√
τ ).

In this paper we will prove a similar identity which lifts an exponential sum to
a cyclic algebraic number field of prime degree. The main results are given in the
following theorem.

Theorem 1. Let E be a cyclic algebraic number field of an odd prime degree `
with an integral basis {1, ω1, . . . , ω`−1}. Let m be a positive integer such that every
prime factor p of m is unramified (inert or splitting) in E and larger than `. Assume
that p2|m for any prime factor p of m. Then for any integer b relatively prime to
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m we have∑
x mod m,
(x,m)=1

e
2πi(x−b̄ (`+1)`+1x`+1)/m

= m1−`/2
∏

p|m to an
odd power

(2b(`+ 1)
p

)
ε−`

p(2)

·
∑

x0,... ,x`−1 mod m,
NE/Q(x0+x1ω1+···+x`−1ω`−1)≡b (mod m)

e
2πitrE/Q(x0+x1ω1+···+x`−1ω`−1)/m

,

where b̄ and `+ 1 are inverses of b and `+1 modulo m, respectively. Here as usual
εp = 1 if p ≡ 1 (mod 4) and εp = i if p ≡ 3 (mod 4).

Note that the assumptions in Theorem 1 exclude only finitely many primes from
being prime factors of m. We can rewrite the product in (2) using the Jacobi
symbol

(2b(`+ 1)
m

)
·

∏
p|m to an
odd power

ε−`
p .

Also note that it is necessary to have the assumption that m is divisible by the
square of every prime dividing it: the identity (2) does not hold otherwise. This
assumption seems to be related to the phenomena that exponential sums “trivialize”
when p2|m for every p|m. It would be interesting to see if an identity of this kind
holds without this assumption.

As an example let us take the cyclic cubic field E generated by a root θ of the
polynomial P (x) = x3 − 3x − 1 (cf. Cohen [1]). Then the conjugates of θ are
σ(θ) = −2 − θ + θ2 and σ2(θ) = 2 − θ2; {1, θ, σ(θ)} is an integral basis with the
trace map trE/Q(x0 + x1θ + x2σ(θ)) = 3x0 and the norm map

NE/Q(x0 + x1θ + x2σ(θ))

= x3
0 + x3

1 + x3
2 − 3x0x

2
1 − 3x0x

2
2 + 3x2

1x2 − 6x1x
2
2 − 3x0x1x2.

Then for any positive integer m which satisfies (m, 6) = 1 and p2|m for any p|m we
have ∑

x mod m,
(x,m)=1

e
2πi(x−44bx4)/m

= m−1/2
∏

p|m to an
odd power

(2b
p

)
εp ·

∑
x0,x1,x2 mod m,

NE/Q(x0+x1θ+x2σ(θ))≡b (mod m)

e
6πix0/m

when (b,m) = 1.
The work is inspired by an identity of exponential sums over the finite field Fq

with q = pa ≡ 1 (mod 3) which is proved by Duke and Iwaniec [3] and Mao and
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Rallis [11]. When q = p ≡ 1 (mod 3) this identity is∑
1≤x≤p

e
2πi(x+ax3)/p

=
∑

1≤x≤p,
(x,p)=1

ϕ(xā)e
2πi(x−33ax)/p

,(3)

where a is a number relatively prime to p, ā is the inverse of a modulo p, and ϕ is a
multiplicative character of order three. Indeed, comparing the left side of (3) with
(2), we see that it is essentially an exponential sum corresponding to a quadratic
field. The right side of (3) confirms this observation because apart from the cubic
character ϕ it is a Kloosterman sum related to the same quadratic field via (1).

According to [13] and [14], the identity (1) plays a crucial role in the fundamental
lemma of the relative trace formula for GL(2) between distributions over a ground
algebraic number field and its quadratic extension. This relative trace formula was
used to give a new proof of the quadratic base change for GL(2) (see remarks in
Jacquet [6]). On the other hand, according to [11] the identity (3) is equivalent to
the fundamental lemma of a relative trace formula between distributions on SL(2)

and its threefold cover S̃L
3
(2), where SL(2)×S̃L3

(2) is embedded in a group of type
G2. This relative trace formula might be used to deduce a correspondence between
automorphic forms on SL(2) and S̃L

3
(2). Based on the same consideration, the

identity in Theorem 1 or an improved version might be used to establish a relative
trace formula which could be applied to the study of the correspondence between
automorphic forms on GL(2) over the ground field and its cyclic extensions.

Besides its potential applications to automorphic forms, the identity (2) certainly
has significance on its own right. Comparing it with (1), we can see the role played
by the exponential sum on the left side of (2) is similar to that of the Kloosterman
sum. This indicates that the Kloosterman sum and the expression on the left side
of (3) are basically exponential sums related to quadratic number fields, while the
sum on the left side of (2) is related to a cyclic number field of degree `.

In the following sections we will see that the proof of (2) is partly based on the
Davenport–Hasse formulas for Gauss sums of a new type. Indeed, this approach
was first used by Katz [9], who established certain identities for Kloosterman sums
using a Davenport–Hasse relation based on a power map x 7→ xN . The Kloosterman
sums in his identities are similar to some of our local exponential sums over a p-adic
field which splits in E (see the proof of Theorem 3).

The author would like to thank the referees for their helpful suggestions.

2. The Davenport–Hasse relation

Let χ be a multiplicative character modulo a prime p. The Gauss sum is

τ(χ) =
∑

n mod p,
(n,p)=1

χ(n)e
2πin/p

.

If ϕ is a multiplicative character of order n modulo p, then a Davenport–Hasse
formula for Gauss sums is (Davenport and Hasse [2])

τ(χn)τ(ϕ) · · · τ(ϕn−1) = χn(n)τ(χ)τ(χϕ) · · · τ(χϕn−1).

This formula has been actively reexamined recently by many authors (e.g. Kubert
and Lichtenbaum [10], Greene and Stanton [4], and Duke and Iwaniec [3]), but the
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discussions are mainly centered on the case of finite fields. To study this relationship
over the p-adic field Qp, we use the local ε-factor (see e.g. Tate [12])

ε(χ, ψp; dx) = 1 if χ is unramified;

=
∫

p−aR×p

χ−1(x)ψp(x) dx
if χ is ramified with conductor
exponent equal to a,

where the measure dx on Qp is normalized by vol(Rp) = 1. Here we have chosen
an additive character ψ = ψR

∏
p<∞ ψp on the adele ring QA trivial on Q with

ψR(x) = e2πix and the order of the local character ψp being zero for any p <∞. If
χ is a ramified character on Q×

p with conductor exponent a(χ) equal to 1, we have

τ(χ) = χ(p)ε̄(χ, ψp; dx).

Let ϕ be a ramified character on Q×
p with ϕn = 1 such that the conductor exponents

a(χ) = a(χϕ) = · · · = a(χϕn−1) = 1. Then the Davenport–Hasse formula takes
the form

ε(χn, ψp; dx)ε(ϕ, ψp; dx) · · · ε(ϕn−1, ψp; dx)

= χ̄n(n)ε(χ, ψp; dx)ε(χϕ, ψp; dx) · · · ε(χϕn−1, ψp; dx).

What we need in this article is a formula of Davenport–Hasse type with an
unramified character ϕ. Note that when ϕ is unramified we have

ε(ϕ, ψp; dx) = · · · = ε(ϕn−1, ψp; dx) = 1

and ε(χϕ, ψp; dx) = ϕ(q)ε(χ, ψp; dx). Also note that the conditions a(χ) = a(χϕ) =
· · · = a(χϕn−1) hold automatically in this case.

Theorem 2. Let p be a prime greater than n and let χ be a ramified character with
conductor exponent a(χ) = a > 1. Set q = pa. Then

ε(χn, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj = χ̄n(n)q1−n

(
ε(χ, ψp; dx)

)n

.(4)

If a is even, then the above can be simplified:

ε(χn, ψp; dx) = χ̄n(n)q(1−n)/2
(
ε(χ, ψp; dx)

)n

.

We note the similarity between this identity and another Davenport–Hasse for-
mula ([2], (0.8)):

τ
(
χ ◦NK/k

)
=
(
τ(χ)

)n

,(5)

where K is a finite extension of degree n of the finite field k of q = pa elements and
NK/k is the norm map from K to k. Over the p-adic field Qp, (5) takes the form

λEp/Qp
(ψp)ε

(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)

= ε(χ, ψp; dx)ε(χηp, ψp; dx) · · · ε(χη`−1
p , ψp; dx),

(6)

where Ep is a cyclic extension of Qp of prime degree `, ηp is a nontrivial multiplica-
tive character of Qp of order ` which is trivial on NEp/Qp

(E×p ), and dβ is a suitable
Haar measure on Ep. Here the local factor λEp/Qp

(ψp) is defined as in Jacquet and
Langlands [7] and it is equal to 1 when Qp is unramified in Ep. When this is the
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case, the measure dβ is the one given by vol(REp) = 1. This is indeed the base
change formula for GL(1) (cf. Gérardin and Labesse [5]). We will use (6) later.

Proof of Theorem 2. As before, let χ be a ramified character with conductor expo-
nent a(χ) = a, and set q = pa. Then(

ε(χ, ψp; dx)
)n

=
∫

p−aR×p

χ−1(x1)ψp(x1) dx1 · · ·
∫

p−aR×p

χ−1(xn)ψp(xn) dxn

=
∫

(p−aR×p )n

χ−1(x1 · · ·xn)ψp(x1 + · · ·+ xn) dx1 · · · dxn.

Changing variables xi = x1yi for i = 2, . . . , n, we get

qn−1

∫
(R×p )n−1

χ−1(y2 · · · yn) dy2 · · ·dyn

∫
p−aR×p

χ̄n(x1)ψp(x1(1 + y2 + · · ·+ yn)) dx1.

Since p > n, we know that a(χn) = a and the inner integral above vanishes unless
1 + y2 + · · ·+ yn ∈ R×p . Thus(
ε(χ, ψp; dx)

)n

= qn−1ε(χn, ψp; dx)
∫

y2,... ,yn∈R×p ,

1+y2+···+yn∈R×p

χ
((1 + y2 + · · ·+ yn)n

y2 · · · yn

)
dy2 · · · dyn.

The theorem then follows from the following lemma.

Lemma. Let χ be a ramified character with a(χ) = a > 1 and q = pa. Assume
that p > n. Then∫

y2,... ,yn∈R×p ,

1+y2+···+yn∈R×p

χ
( (1 + y2 + · · ·+ yn)n

y2 · · · yn

)
dy2 · · · dyn

= χn(n)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj .

(7)

If a is even, then the right side above equals χn(n)q(1−n)/2.

Proof. We set y2, . . . , yn−1 ∈ R×p and yn = y0(1 +m), where

y0 ∈
(
R×p −

(
−(1 + y2 + · · ·+ yn−1) + pRp

))/(
1 + p[(a+1)/2]Rp

)
and m ∈ p[(a+1)/2]Rp. Then the integrand on the left side of (7) equals

χ
((1 + y2 + · · ·+ yn−1 + y0)n

y2 · · · yn−1y0

)
χ
(
1− 1 + y2 + · · ·+ yn−1 − (n− 1)y0

1 + y2 + · · ·+ yn−1 + y0
m
)
.

Hence the integral with respect to m is nonzero only if (n − 1)y0 ∈ 1 + y2 + · · · +
yn−1 + p[a/2]Rp; note that here [a/2] ≥ 1 because we have assumed a > 1. Since
p > n we see that y0 ∈ (1 + y2 + · · · + yn−1)/(n − 1) + p[a/2]Rp, and the integral
with respect to yn on the left side of (7) is actually taken over

yn ∈ (1 + y2 + · · ·+ yn−1)/(n− 1) + p[a/2]Rp with 1 + y2 + · · ·+ yn−1 ∈ R×p .
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Consequently∫
y2,... ,yn∈R×p ,

1+y2+···+yn∈R×p

χ
((1 + y2 + · · ·+ yn)n

y2 · · · yn

)
dy2 · · · dyn

=
∫

y2,... ,yn−1∈R×p ,

1+y2+···+yn−1∈R×p

dy2 · · ·dyn−1

·
∫

1+y2+···+yn−1
n−1 +p[a/2]Rp

χ
( (1 + y2 + · · ·+ yn)n

y2 · · · yn

)
dyn.

Setting yn = (1 + y2 + · · ·+ yn−1)/(n− 1)+ y with y ∈ p[a/2]Rp, we can rewrite the
integrand as

χ
( nn

(n− 1)n−1

)
χ
( (1 + y2 + · · ·+ yn−1)n−1

y2 · · · yn−1

)
χ
(
1 +

(n− 1)3y2/(2n)
(1 + y2 + · · ·+ yn−1)2

)
.

Changing variables, we get∫
y2,... ,yn∈R×p ,

1+y2+···+yn∈R×p

χ
((1 + y2 + · · ·+ yn)n

y2 · · · yn

)
dy2 · · · dyn

=
∫

y2,... ,yn−1∈R×p ,

1+y2+···+yn−1∈R×p

χ
((1 + y2 + · · ·+ yn−1)n−1

y2 · · · yn−1

)
dy2 · · · dyn−1

·
∫

p[a/2]Rp

χ
( nn

(n− 1)n−1

)
χ
(
1 +

(n− 1)y2

2n

)
dy.

By an induction argument we get the first formula in the lemma. The second
formula is a direct consequence of the first. Q.E.D.

To prove Theorem 1 we want to write (4) in a different way:

ε(χn, ψp; dx)ε(χ̄, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj

= χ̄n(n)q1−nε(χ̄, ψp; dx)
(
ε(χ, ψp; dx)

)n

.

By the classical identity ε(χ, ψp; dx)ε(χ̄, ψp; dx) = χ(−1)q for ramified χ with
a(χ) = a, we can rewrite the right side above as

χ(−1)χ̄n(n)q2−n
(
ε(χ, ψp; dx)

)n−1

.

Now we assume that ` = n−1 is an odd prime and p > n. Let E be a cyclic algebraic
number field of degree ` such that p is inert unramified in E. Let η = ηR

∏
p<∞ ηp

be the idele class character of Q attached to E by the abelian class field theory.
Then ηp is a nontrivial unramified character on Q×

p with η`
p = 1. Since ` is an odd

prime and `|(1 + · · · + (` − 1)), we have ηp · · · η`−1
p = 1. Writing ε(χ, ψp; dx) =
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η−j
p (q)ε(χηj

p, ψp; dx) for 0 ≤ j < `, we can express the Davenport–Hasse relation in
the following way:

ε(χn, ψp; dx)ε(χ̄, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj

= χ̄(−nn)q2−n
∏

0≤j<`

ε(χηj
p, ψp; dx).

By (6) we get

ε(χn, ψp; dx)ε(χ̄, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj

= χ̄(−nn)q2−nε
(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)(8)

because λEp/Qp
(ψp) = 1 in our case.

3. The exponential sums

Let us first compute the expression on the left side of (8):

ε(χn, ψp; dx)ε(χ̄, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj

=
∫

p−aR×p

χ−n(x)ψp(x) dx

·
∫

p−aR×p

χ(z)ψp(z) dz
∫

(p[a/2]Rp)n−1

χ
(
1 +

∑
1<j≤n

j − 1
2j

y2
j

)
dy2 · · · dyn.

If we change variables from x and z to x/q and z/q, we get

q2χ(qn−1)
∫

x,z∈R×p ,

y2,... ,yn∈p[a/2]Rp

χ
( z

xn

(
1 +

∑
1<j≤n

j − 1
2j

y2
j

))
ψp

(x+ z

q

)
dx dy2 · · · dyn dz,

or, with another change of variables,

q2χ(qn−1)
∫

x,z∈R×p ,

y2,... ,yn∈p[a/2]Rp

χ(z)ψp

(x
q

+
xnz

q(1 +
∑

1<j≤n

j−1
2j y

2
j )

)
dx dy2 · · · dyn dz.

Since the order of ψp is zero, we can modify this integral to get

q2χ(qn−1)
∫

R×p

χ−1(z) dz

·
∫

x∈R×p ,

y2,... ,yn∈p[a/2]Rp

ψp

(1
q

(
x+

xn

z

(
1−

∑
1<j≤n

j − 1
2j

y2
j

)))
dx dy2 · · · dyn.
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Note that ` = n− 1 is an odd prime and hence n is even. Changing variables from
yj to jzx−n/2yj , we get

q2χ(qn−1)
∫

R×p

χ−1(z) dz
∫

R×p

ψp

(1
q

(
x+

xn

z

))
dx

·
∫

(p[a/2]Rp)n−1

ψ̄p

( ∑
1<j≤n

j(j − 1)z
2q

y2
j

)
dy2 · · · dyn.

If a is even, then the integrand of the innermost integral is equal to 1, and hence

ε(χn, ψp; dx)ε(χ̄, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj

= q2−(n−1)/2χ(qn−1)
∫

R×p

χ−1(z) dz
∫

R×p

ψp

(1
q

(
x+

xn

z

))
dx.

(9)

If a is odd, however, the innermost integral above equals a product of the Weil
constants ∫

(p[a/2]Rp)n−1

ψ̄p

( ∑
1<j≤n

j(j − 1)z
2q

y2
j

)
dy2 · · · dyn

= q−(n−1)/2
∏

1<j≤n

γ
(j(j − 1)z

p
, ψ̄p

)
,

where we have set ∫
Rp

ψp

(bx2

2

)
dx = |b|−1/2

p γ(b, ψp)

for |b|p > 1. Since p > ` is odd, we know that

γ
(j(j − 1)z

p
, ψ̄p

)
=
(2j(j − 1)z

p

)
εp.

Consequently∏
1<j≤n

γ
(j(j − 1)z

p
, ψ̄p

)
=

∏
1<j≤n

(2j(j − 1)z
p

)
εp =

(2nz
p

)
ε`

p.

Therefore when a is odd we have

ε(χn, ψp; dx)ε(χ̄, ψp; dx)
∏

1<j≤n

∫
p[a/2]Rp

χ
(
1 +

j − 1
2j

y2
j

)
dyj

= q2−(n−1)/2χ(qn−1)
∫

R×p

χ−1(z) dz ·
(2nz
p

)
ε`

p

∫
R×p

ψp

(1
q

(
x+

xn

z

))
dx.

(10)

Reversing the above computation, we can see that the integrals on the right side
of (9) and (10) vanish when the conductor exponent of the ramified character χ is



LIFTING OF AN EXPONENTIAL SUM 5011

not equal to a. This indeed results from the fact that for a ramified character χ
the integral ∫

p−aR×p

χ−1(x)ψp(x) dx

equals ε(χ, ψp; dx) when a(χ) = a, and vanishes otherwise.
Now we turn to the right side of (8) and follow the computation in [13]:

χ̄(−nn)q2−nε
(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)

= χ̄(−nn)q2−n

∫
$−a

Ep
R×Ep

χ−1 ◦NEp/Qp
(β)ψp ◦ trEp/Qp

(β) dβ

because a(χ ◦ NEp/Qp
) = a(χ) = a and the order of ψp ◦ trEp/Qp

is still equal to
zero in the unramified case. For any ε ∈ R×Ep

with NEp/Qp
(ε) = 1 we can replace

the expression ψp ◦ trEp/Qp
(β) by ψp ◦ trEp/Qp

(εβ) in the above integral. Hence

χ̄(−nn)q2−nε
(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)

= χ̄(−nn)q2(2−n) 1− p−1

1− p1−n

∫
$−a

Ep
R×Ep

χ−1 ◦NEp/Qp
(β)

·
∑

ε∈R×Ep
/(1+$a

Ep
REp),

NEp/Qp
(ε)=1

ψp ◦ trEp/Qp
(εβ) dβ

because the number of terms in the sum is qn−2(1− p1−n)/(1− p−1). Indeed,

NEp/Qp
: R×Ep

/(1 +$a
Ep
REp) −→ R×p /(1 + qRp)

is a surjective map because Qp is unramified in E; since R×Ep
/(1 + $a

Ep
REp) has

(1− p1−n)/q1−n elements and R×p /(1+ qRp) has (1− p−1)q elements, the kernel of
the norm map NEp/Qp

has qn−2(1− p1−n)/(1− p−1) elements.
Since the sum above depends only on NEp/Qp

(β), we may define a function Ψ
on Qp such that

Ψ
(
NEp/Qp

(β)
)

=
∑

ε∈R×Ep
/(1+$a

Ep
REp ),

NEp/Qp
(ε)=1

ψp ◦ trEp/Qp
(εβ)

for any β ∈ $−a
Ep
R×Ep

, and set Ψ = 0 elsewhere. Note that Ψ
(
NEp/Qp

(β)
)

is

constant on any coset α +REp with α ∈ $−a
Ep
R×Ep

. Hence Ψ(b) is constant on any
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coset b+ q2−nRp with b ∈ q1−nR×p . Then we get

χ̄(−nn)q2−nε
(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)

= χ̄(−nn)q2(2−n) 1− p−1

1− p1−n

·
∫

$−a
Ep

R×Ep

χ−1 ◦NEp/Qp
(β)Ψ

(
NEp/Qp

(β)
)
dβ

= χ̄(−nn)q2(2−n) 1− p−1

1− p1−n

·
∑

β∈$−a
Ep

(R×Ep
/(1+$a

Ep
REp))

χ−1 ◦NEp/Qp
(β)Ψ

(
NEp/Qp

(β)
)
.

Counting elements in the kernel of NEp/Qp
again, we arrive at

χ̄(−nn)q2−nε
(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)

= χ̄(−nn)q2−n
∑

b∈q1−n(R×p /(1+qRp))

χ−1(b)Ψ(b) db

= χ̄(−nn)q2(2−n)

∫
q1−nR×p

χ−1(b)Ψ(b) db

= χ̄(−nn)q3−n

∫
R×p

χ−1(bq1−n)Ψ(bq1−n) db.

(11)

If we reverse the above computation, we can see that for any ramified character
χ the integral on the right side vanishes when the conductor exponent a(χ) 6= a.
Comparing (11) with the expressions of the left side of (8) in (9) and (10) we get
for any ramified character χ that

q2−(n−1)/2χ(qn−1)
∫

R×p

χ−1(z) dz
∫

R×p

ψp

(1
q

(
x+

xn

z

))
dx

= χ̄(−nnq1−n)q3−n

∫
R×p

χ−1(b)Ψ(bq1−n) db
(12)

when a is even, and that

q2−(n−1)/2χ(qn−1)
∫

R×p

χ−1(z) dz ·
(2nz
p

)
ε`

p

∫
R×p

ψp

(1
q

(
x+

xn

z

))
dx

= χ̄(−nnq1−n)q3−n

∫
R×p

χ−1(b)Ψ(bq1−n) db
(13)

when a is odd. We point out that (12) and (13) are also true for unramified
character χ because of our assumption of a > 1. (For a = 1, (12) and (13) do not
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hold.) Therefore by changing variables from z to b = −z/nn and by the Fourier
inversion formula we conclude that∫

R×p

ψp

(1
q

(
x− xn

bnn

))
dx = q(1−n)/2Ψ(bq1−n)

when a > 1 is even, and that(−2nb
p

)
ε`

p

∫
R×p

ψp

(1
q

(
x− xn

bnn

))
dx = q(1−n)/2Ψ(bq1−n)

when a > 1 is odd, for any b ∈ R×p . Here we have used the fact that γ(cb2, ψp) =
γ(c, ψp).

Since we have assumed that Qp is unramified in E, we can always find β ∈ R×Ep

such that bq1−n = NEp/Qp
(β/q), i.e., b = NEp/Qp

(β). Writing the integrals in terms
of sums, we can finally prove the following local results.

Theorem 3. Let p and ` be two odd primes with p > ` such that Qp is unramified
in a cyclic algebraic number field E of degree `. Then for n = ` + 1 and q = pa

with a > 1 we have

q(3−n)/2
∑

β∈R×Ep
/(1+$a

Ep
REp ),

NEp/Qp
(β)=b

ψp ◦ trEp/Qp

(β
q

)

=
∑

x∈R×p /(1+qRp)

ψp

(1
q

(
x− xn

bnn

))
if a is even,(14)

=
(2nb
p

)
ε−`

p

∑
x∈R×p /(1+qRp)

ψp

(1
q

(
x− xn

bnn

))
if a is odd,

for any b ∈ R×p .

Proof. If Qp is inert in E, the above computation is the proof. Now we consider the
case when p splits in E into ` = n− 1 local fields Ep1 , . . . , Ep`

each Epi isomorphic
to Qp. In this case, any β ∈ Qp ⊗Q E can be written as β = (b1, . . . , b`) with
b1, . . . , b` ∈ Qp. Furthermore, trEp/Qp

(β) = b1 + · · ·+ b` and NEp/Qp
(β) = b1 · · · b`.

Therefore the left side of (14) now takes the form

q(3−n)/2
∑

b1,... ,b`∈R×p /(1+qRp),
b1···b`=b

ψp

(b1 + · · ·+ b`
q

)

= q(3−n)/2
∑

b1,... ,b`−1∈R×p /(1+qRp)

ψp

(1
q

(
b1 + · · ·+ b`−1 +

b

b1 · · · b`−1

))
.

We note that this local exponential sum is the generalized Kloosterman sum studied
by Katz [9]. Writing this sum in terms of integration, we get the following expression
for the left side of (14):

q(n−1)/2

∫
(R×p )`−1

ψp

(1
q

(
b1 + · · ·+ b`−1 +

b

b1 · · · b`−1

))
db1 · · · db`−1.
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As before, we choose any ramified character χ and integrate the above expression
against χ−1(b) with respect to b. After changing variables we get

q(1−n)/2χ−1(qn−1)
∫

( 1
q R×p )`

χ−1(b)ψp(b)

· χ−1(b1)ψp(b1) · · · χ−1(b`−1)ψp(b`−1) db db1 · · · db`−1,

(15)

which equals

q(1−n)/2χ−1(qn−1)
(
ε(χ, ψp; dx)

)n−1

if the conductor exponent a(χ) = a, and vanishes otherwise. When a > 1 we
can also show that the integral in (15) vanishes for any unramified character χ.
Comparing this with the results in (11) and recalling that

ε
(
χ ◦NEp/Qp

, ψp ◦ trEp/Qp
; dβ
)

=
(
ε(χ, ψp; dx)

)n−1

,

we have shown that the integral∫
R×p

χ−1(b)

(
q(3−n)/2

∑
β∈R×Ep

/(1+$a
Ep

REp ),

NEp/Qp
(β)=b

ψp ◦ trEp/Qp

(β
q

))
db

has the same values for both the inert and splitting cases. Therefore (14) is also
true in the splitting case. Q.E.D.

Now we can finally turn to the global situation. Consider the products of the
sums in (14) over all prime factors of m and the product of the products of the
Weil constants over those prime factors of m that divide m to odd powers. Recall
that for any x ∈ Q we have

∏
p<∞ ψp(x) = e−2πix, because the global character

ψ = ψR

∏
p<∞ ψp is trivial on Q. Therefore we can express the products of the

sums above as sums of exponential functions. By taking complex conjugates we
arrive at the formula in Theorem 1.
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